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‣ Methods of egomotion estimation: 

1. exteroceptive measurements 
observing landmarks with known 
location 

2. interoceptive measurements 
integrating rates to infer motion 
through ‘dead’ reckoning 

and ‘Dead’ Reckoning

Egomotion estimation: the process of 
estimating the motion of a rigid body 
using measurements from sensors 
attached to the body

Charles Lindbergh used dead reckoning 
to cross the Atlantic solo in 1927

Concorde Inertial 
Measurement Unit

Apollo Delco (GM) IMU
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Hans Moravec
MERs

Scaramuzza and Fraundorfer, “Visual Odometry [Tutorial],” IEEE Robot. Automat. Mag. (2011)
Moravec, “Obstacle avoidance and navigation in the real world by a seeing robot rover,” Ph.D. Thesis (1980)

or Visual Odometry
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Pre- 
processing

Data 
association

Motion 
estimation

‣ undistortion 
‣ rectification 
‣ adjustment

‣ stereo matching 
‣ tracking 
‣ outlier rejection

‣ robust 
nonlinear least 
squares

Additional 
sensors

T
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stereo images
egomotion
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Some Downsides…

Pre-
processing

Data 
association

Motion 
estimation

Low Information 
Usage 
(e.g.,  point features, regions of 
high gradients)

Prone to Bias 
(e.g., imprecise calibration, 
uncertainty propagation)

Basic Uncertainty 
Quantification 
(e.g., homoscedastic 
isotropic uncertainty)

Peretroukhin, Kelly, and Barfoot, “Optimizing Camera Perspective for Stereo Visual Odometry,” CRV (2014)
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Pre- 
processing

Data 
association

Motion 
estimation

T
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stereo images
egomotion

Data-Driven Learning
A Panacea for Vision-based Autonomy?
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T
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stereo images
egomotion

Data-Driven Learning
A Panacea for Vision-based Autonomy?

Learned Model

Training Data

Wang et al., “DeepVO: Towards end-to-end visual odometry with deep Recurrent Convolutional Neural Networks,” ICRA (2017)
Zhou et al, “Unsupervised Learning of Depth and Ego-Motion from Video,”  CVPR (2017)
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top performing vision-only 
odometry has no learning

Zhou et al. “Does computer vision matter for action?”, 
Science Robotics (2019) 

Short answer: Yes! intermediate ‘blocks’ 
improve generalization

Interpretable & 
decomposable Efficient

Probabilistic

KITTI Odometry Benchmark Leaderboard (March 2020)Accurate

Lidar-based Egomotion

Pre-
processing

Data 
association

Motion 
estimation
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Learned Model

B bias correction

C latent representation 
with uncertainty

A uncertainty 
quantification

Pre- 
processing

Data 
association

Motion 
estimation

Classical Pipeline

+

Learned Improvements to the Visual Egomotion Pipeline

learned  
pseudosensors
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�⇤

PROBE

uncertainty 
quantification

IROS 2015 
ICRA 2016

Predictive Robust 
Estimation

Convolution

PReLU

Dropout
cnn-layer

DPC-Net

bias correctionlatent 
representation

Sun-BCNN

latent 
representation

q1
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Pre- 
processing

Data 
association

Motion 
estimation

T
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stereo images

Generalized Kernel  
Model for Feature Tracks

Not all feature matches contain the same information. 
Can we incorporate a Bayesian model for stereo 
reprojection errors into an egomotion pipeline?

V. Peretroukhin, W. Vega-Brown, N. Roy, and J. Kelly, “PROBE-GK: Predictive Robust Estimation using Generalized Kernels,”  ICRA (2016) 
W. R. Vega-Brown, M. Doniec, and N. G. Roy, “Nonparametric Bayesian inference on multivariate exponential families,” NeurIPS (2014)
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Classical Visual Odometry

 MAP Estimator

argmin
T 2SE(3)

NX

i=1

ei
>R�1ei

Predictively Robust Estimator

argmin
T 2SE(3)

NX

i=1

(⌫i + 1) log
�
1 + ei

> �1
i ei

�

Feature Tracks

Errors modelled with 
stationary point 
uncertainty:
ei ⇠ N (0,R)
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p (Ri) = IW(R; i, ⌫i)

Errors      modelled with 
Bayesian, kernel-based  
covariance density

ei

Visual Odometry with 
PROBE-GK

Feature Tracks
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Bayesian Predictive Model for Covariance

Pixel Location (u)

IW Prior

Pixel  
Location (v)

Entropy

1. Define: Inverse-Wishart 
prior on covariance matrices 
at all locations within 
prediction space  �

3. b) Marginalize out the covariance, 
solve robust cost.

Predictively 
Robust Cost argmin

T 2SE(3)

NX

i=1

(⌫i + 1) log
�
1 + ei

> �1
i ei

�

�⇤

3. Test: a) Compute Inverse-
Wishart posterior using 
technique of Generalized 
Kernels.

2. Train: Populate space with 
training data (empirical 
errors). Ground truth not 
required.
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Using PROBE to Improve VO
Synthetic, KITTI and UTIAS Experiments
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PROBE

uncertainty 
quantificationI

IROS 2015 
ICRA 2016

Predictive Robust 
Estimation

latent 
representation

Sun-BCNN

Convolution

PReLU

Dropout
cnn-layer

DPC-Net

bias correctionIII latent 
representation

q1
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ISER 2017, ICRA 2017, 
IJRR 2018

Learning Sun 
Direction with 

Uncertainty
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Peretroukhin, Clement, and Kelly, “Inferring sun direction to improve visual odometry: A deep learning approach,” IJRR (2018)

Can we use deep learning to infer the direction of the sun (with uncertainty) and use it to 
improve egomotion estimates?

Peretroukhin, Clement, and Kelly, “Reducing Drift in Visual Odometry by Inferring Sun Direction Using a Bayesian Convolutional Neural Network,” ICRA (2017)

N (µ,⌃)

Sun-BCNN

“Learned 
pseudosensor”

+
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Visual odometry is a dead-reckoning 
technique and suffers from super-linear 
error growth, largely due to 
accumulated orientation error

Distance

VO 
Error With orientation 

error

Orientation-corrected

Drift can be reduced using absolute 
orientation information (e.g., observing the 
Sun)

Specially oriented camera 
(e.g., MERs)

Specialized sun sensor
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RGB image

‘Monte Carlo’ dropout

Bayesian GoogLeNet

3D sun vector  
with uncertainty 

Gal and Ghahramani,  “Dropout as a Bayesian Approximation: Representing Model Uncertainty in Deep Learning”  ICML (2016)

�

✓

Sample a posterior, use Monte Carlo integration 
to approximate mean and covariance 

N
✓

✓̄
�̄

�
,


�2
✓ �✓�

��✓ �2
�

�◆
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A Bayesian CNN for Finding the Sun

Cosine distance loss
L(ŝk, sk) = 1� ŝk · sk
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Estimated

ŝk

Ground truth

sk
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Furgale, The Devon Island rover navigation dataset, IJRR (2012)

Sun-BCNN Testing
Devon Island

Hand 
Crafted
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Convolution

PReLU

Dropout
cnn-layer

DPC-Net

bias correction

�⇤

PROBE

uncertainty 
quantificationI

IROS 2015 
ICRA 2016

Predictive Robust 
Estimation

latent 
representation

Sun-BCNN

II

ISER 2017, ICRA 2017, 
IJRR 2018

Learning Sun 
Direction with 

Uncertainty

Learning Estimator 
Bias through Deep 

Pose Correction
ICRA / RA-L 2018 

ICRA 2020

latent 
representation

q1
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Can we generalize Sun-BCNN to learn SE(3) pose residuals to correct estimator bias?

Peretroukhin and Kelly, “DPC-Net: Deep Pose Correction for Visual Localization,” ICRA / RA-L (2018)

DPC-Net
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Dropout
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SE(3)
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Pose Correction
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Pose Graph 
Optimization



SE(3) Corrections for Visual Odometry
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Tvo
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Tgt
<latexit sha1_base64="EGBAUv+VGZb9/BP0vG1dK9+7wGM="></latexit>

ground 
truth

T⇤
<latexit sha1_base64="UKgcKybqFJ2UbfCc0Fsm81rR1dQ="></latexit>

target 
correction

What do we correct for?

‣ Estimator biases (e.g., due to feature 
distribution or errors in stereo triangulation) 

‣ Intrinsic / extrinsic mis-calibration 

‣ Poor feature tracking due to blur, localized 
texture, non-Gaussian residuals 

We learn SE(3) corrections        such that 
Tgt = T⇤Tvo

<latexit sha1_base64="oT73hX//K4tsabpttVbX0H1MXFw="></latexit>

T⇤
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‣ DPC-Net is composed of 
convolutional layers 

‣ The network takes images as input 
and outputs an unconstrained vector 
in the tangent space of identity,  

‣ Although the output is unconstrained 
vector, we store the target 
corrections,       , in matrix form  

‣ We derive a novel loss based on the 
the geodesic distance: 

T⇤
<latexit sha1_base64="jz9gJlfhzerHDlBk7vZ/py/81DI="></latexit><latexit sha1_base64="iAQYgrERWxvQKbEs6VFgonIPcXc="></latexit><latexit sha1_base64="iAQYgrERWxvQKbEs6VFgonIPcXc="></latexit><latexit sha1_base64="iAQYgrERWxvQKbEs6VFgonIPcXc="></latexit><latexit sha1_base64="iAQYgrERWxvQKbEs6VFgonIPcXc="></latexit><latexit sha1_base64="tzHKef1AgesIAz3dhXmVxgCakSo=">AAACFXicbVDLSgMxFM3UV62vqks3wSKI0DIjQi24KLhxWaFjC51aMmnahmYyY3JHLEN/Q9zpl7gSt679EPem00F8HQicnHMP93L8SHANtv1u5RYWl5ZX8quFtfWNza3i9s6VDmNFmUtDEaq2TzQTXDIXOAjWjhQjgS9Yyx+fz/zWLVOah7IJk4h1AzKUfMApASN5XlMRqQehCq6PesWSXbFT4L/EyUgJZWj0ih9eP6RxwCRQQbTuOHYE3YQo4FSwacGLNYsIHZMh6xgqScB0N0lvnuIDo/Sx2WyeBJyq3xMJCbSeBL6ZDAiM9G9vJv7ndWIYnHYTLqMYmKTzRYNYYAjxrADc54pREBNDCFXc3IrpiChCwdRU8NJgchNz01pZEGB3ZT0KFdAYdMX8poW0p1oKPCfVk4zUnK+e3ONKreJc2qX6WVZYHu2hfXSIHFRFdXSBGshFFEXoHj2iJ+vBerZerNf5aM7KMrvoB6y3Tzq1oM4=</latexit>

⇠
<latexit sha1_base64="w5xJiWUGhIXgbsH94fEA3rBu+WA="></latexit><latexit sha1_base64="B8oUd31KcH6QL+8Qb/V+nQJXWGA="></latexit><latexit sha1_base64="B8oUd31KcH6QL+8Qb/V+nQJXWGA="></latexit><latexit sha1_base64="B8oUd31KcH6QL+8Qb/V+nQJXWGA="></latexit><latexit sha1_base64="B8oUd31KcH6QL+8Qb/V+nQJXWGA="></latexit><latexit sha1_base64="1ih8JfJyj6fybIKAkKA6NjxbazU="></latexit>

ti+�pti

2, 3x3, 256, 256

2, 3x3, 256, 512

2, 3x3, 512, 1024

2, 3x3, 1024, 4096

2, 3x3, 4096, 4096

2, 3x3, 4096, 6

2, 1x2, 6, 6

Stereo RGB (6xHxW)

1, 3x3, 64, 128

Convolution

PReLU

Dropout

2, 3x3, 6, 64

2, 3x3, 64, 64

1, 3x3, 64, 128

2, 3x3, 6, 64

2, 3x3, 64, 64

⇠ 2 R6
L(⇠,T⇤)
SE(3) Cost

T⇤
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Structure and Loss

PERETROUKHIN et al.: DPC-NET: DEEP POSE CORRECTION FOR VISUAL LOCALIZATION 3

from two pairs of stereo images (collectively referred to
as Iti,ti+�p

) captured at ti and ti+�p
4. Given a dataset,

{T⇤
i , Iti,ti+�p

}
N
i=1, we now turn to the problem of selecting

an appropriate loss function for learning SE(3) corrections.

A. Loss Function: Correcting SE(3) Estimates

One possible approach to learning T⇤ is to break it into
constituent parts and then compose a loss function as the
weighted sum of translational and rotational error norms (as
done in [7]–[9]). This however does not account for the
possible correlation between the two losses, and requires the
careful tuning of a scalar weight.

In this work, we instead choose to parametrize our correc-
tion prediction as T = exp

�
⇠^�

, where ⇠ 2 R6, a vector of
Lie algebra coordinates, is the output of our network (similar
to [19]). We define a loss for ⇠ as

L(⇠) =
1

2
g(⇠)

T ⌃�1g(⇠), (2)

where
g(⇠) , ln

⇣
exp

�
⇠^�

T⇤�1
⌘_

. (3)

Here, ⌃ is the covariance of our estimator (expressed using
unconstrained Lie algebra coordinates), and (·)

^, (·)
_ convert

vectors of Lie algebra coordinates to matrix vectorspace quan-
tities and back, respectively. Given two stereo image pairs,
we use the output of DPC-Net, ⇠, to correct our estimator as
follows:

T̂
corr

= exp
�
⇠^�

T̂, (4)

where we have dropped subscripts for clarity.

B. Loss Function: SE(3) Covariance

Since we are learning estimator corrections, we can com-
pute an empirical covariance over the training set as

⌃ =
1

N � 1

NX

i=1

⇣
⇠⇤

i � ⇠⇤
⌘ ⇣

⇠⇤
i � ⇠⇤

⌘T
, (5)

where

⇠⇤
i , ln (T⇤

i )
_ , ⇠⇤ , 1

N

NX

i=1

⇠⇤
i . (6)

The term ⌃ balances the rotational and translation loss
terms based on their magnitudes in the training set, and
accounts for potential correlations. We stress that if we were
learning poses directly, the pose targets and their associated
mean would be trajectory dependent and would render this
type of covariance estimation meaningless. Further, we find
that, in our experiments, ⌃ weights translational and rotational
errors similarly to that presented in [7] based on the diagonal
components, but contains relatively large off-diagonal terms.

4Note that the visual estimator does not necessarily compute T̂i,i+�p

directly. T̂i,i+�p may be compounded from several estimates.

C. Loss Function: SE(3) Jacobians

In order to use Equation (2) to train DPC-Net with back-
propagation, we need to compute its Jacobian with respect to
our network output, ⇠. Applying the chain rule, we begin with
the expression

@L(⇠)

@⇠
= g(⇠)

T ⌃�1 @g(⇠)

@⇠
. (7)

The term @g(⇠)
@⇠ is of importance. We can derive it in two ways.

To start, note two important identities [23]. First,

exp
�
(⇠ + �⇠)

^�
⇡ exp

�
(J �⇠)

^�
exp

�
⇠^�

, (8)

where J , J (⇠) is the left SE(3) Jacobian. Second, if T1 ,
exp

�
⇠1

^�
and T2 , exp

�
⇠2

^�
, then

ln (T1T2)
_

= ln
�
exp

�
⇠1

^�
exp

�
⇠2

^��_

⇡

⇢
J (⇠2)

�1⇠1 + ⇠2 if ⇠1 small
⇠1 + J (�⇠1)

�1⇠2 if ⇠2 small.

�
(9)

See [23] for a detailed treatment of matrix Lie groups and
their use in state estimation.

1) Deriving
@g(⇠)

@⇠ , Method I: If we assume that only ⇠ is
‘small’, we can apply Equation (9) directly to define

@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (10)

with ⇠⇤ , ln (T⇤
)
_. Although attractively compact, note that

this expression for @g(⇠)
@⇠ assumes that ⇠ is small, and may be

inaccurate for ‘larger’ T⇤ (since we will therefore require ⇠
to be commensurately ‘large’).

2) Deriving
@g(⇠)

@⇠ , Method II: Alternatively, we can lin-
earize Equation (3) about ⇠, by considering a small change
�⇠ and applying Equation (8):

g(⇠ + �⇠) = ln
⇣

exp
�
(⇠ + �⇠)

^�
T⇤�1

⌘_
(11)

⇡ ln
⇣

exp
�
(J �⇠)

^�
exp

�
⇠^�

T⇤�1
⌘_

. (12)

Now, assuming that J �⇠ is ‘small’, and using Equation (3),
Equation (9) gives:

g(⇠ + �⇠) ⇡ J (g(⇠))
�1J (⇠)�⇠ + g(⇠). (13)

Comparing this to the first order Taylor expansion:
g(⇠ + �⇠) ⇡ g(⇠) +

@g(⇠)
@⇠ �⇠, we see that

@g(⇠)

@⇠
= J (g(⇠))

�1J (⇠). (14)

Although slightly more computationally expensive, this ex-
pression makes no assumptions about the ‘magnitude‘ of our
correction and works reliably for any target. Note further that
if ⇠ is small, then J (⇠) ⇡ 1 and exp

�
⇠^�

⇡ 1. Thus,

g(⇠) ⇡ ln
⇣
T⇤�1

⌘_
= �⇠⇤, (15)

and Equation (14) becomes
@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (16)

which matches Method I. To summarize, to apply back-
propagation to Equation (2), we use Equation (7) and Equa-
tion (14).

where g(⇠) , log
⇣
exp

�
⇠^

�
T⇤�1

⌘_
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weighs rotation and translation terms 
based on training data



‣ We evaluated DPC-Net on the KITTI odometry 
benchmark and train it to correct an efficient VO 
estimator based on libviso2

DPC-Net | Correcting libviso2
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Deep Rotation Regression with Uncertainty
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Peretroukhin, Wagstaff and Kelly, “Deep Probabilistic Regression of Elements of SO(3),”  CVPR, Workshop on Uncertainty and Robustness in Deep Visual Learning (2019)
Kneip, Siegwart, and Pollefeys, “Finding the Exact Rotation between Two Images Independently of the Translation,” ECCV (2012)

…

HydraNet
q1
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Pose Graph 
Optimization

Classical Pipeline

Can learned estimates of camera rotation (with uncertainty) improve visual egomotion?



1. Aleatoric (‘observation’ noise) 

‣ A result of the underlying process  
(e.g., sensor noise) 

2. Epistemic (‘model’ uncertainty) 

‣ A result of a ‘distance’ between training data and test data

Sources of Uncertainty
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Lakshminarayanan et al., “Simple and scalable predictive uncertainty estimation using deep ensembles,” NeurIPS (2017)

‣ Monte Carlo dropout (technique used by 
Sun-BCNN) also often poorly captures 
epistemic uncertainty 

‣ Some proposed alternatives:

Ensembles  
(Bootstrap Aggregating)
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R = argmin
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Epistemic uncertainty is 
necessary to account for 
‘out-of-training-
distribution’ errors

Synthetic ‘orbital’ dataset
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On the Synthesis of Learning and Classical Modelling

Cormac McCarthy, Blood Meridian, or the Evening Redness in the West (1985)

…in this world more things exist 
without our knowledge than with it 
and the order in creation which you 

see is that which you have put there, 
like a string in a maze…

The miracle of the appropriateness 
of the language of mathematics for 

the formulation of the laws of physics 
is a wonderful gift which we neither 

understand nor deserve.

E.P. Wigner, The Unreasonable Effectiveness of Mathematics in the Natural Sciences (1960)
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‣ In order to learn a covariance matrix we define a supervised loss based on the tangent space 
of each target rotation:

Covariance-aware Loss
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46
Learned Improvements to the Visual Egomotion Pipeline

Valentin Peretroukhin | FOE | March 6, 2020 

Barfoot., “State Estimation for Robotics.” Cambridge University Press (2017)
Sola et al., “A micro Lie theory for State Estimation in Robotics”, arXiv (2019)

exp
�
(·)^

�
<latexit sha1_base64="mVL/weOY87l4txwEk/2z9bXq4ZI="></latexit>

log ((·))_
<latexit sha1_base64="2qNyuKvQBMh4wTjzSKOa5q1V2yw="></latexit>

retraction

lifting
Rigid-body rotations form the matrix Lie group 
SO(3) - the Special Orthogonal group: 

SO(3) = {R 2 R3⇥3| RTR = 1, detR = 1}
<latexit sha1_base64="AhNPacMPt/S5A/rUXFL5IcNi4sc="></latexit>

R = exp
�
�^� =

1X

n=0

1

n!
(�^)

n

<latexit sha1_base64="vyOg4TLuKlzI34LzmL0ldR1PJT8="></latexit>

� 2 R3
<latexit sha1_base64="5lO2xRTWD+PJwhDFsmCELD5KhWc="></latexit>

⇠ 2 R6
<latexit sha1_base64="B15SL9Tmr6u+oAbKdjo7LWsWBzg="></latexit>

T = exp
�
⇠^

�
=

1X

n=0

1

n!
(⇠^)

n

<latexit sha1_base64="kRIf7++yv0x5L8Mjp2N+vpukjqs="></latexit>

Rigid-body transformations form the matrix Lie group SE(3) - the Special Euclidian group:

SE(3) = {T =


R t
0T

1

�
2 R4⇥4| R 2 SO(3), t 2 R3}

<latexit sha1_base64="OJymA19WzBqhc+WMGmnCLrtW+fI="></latexit>

exp
�
(·)^

�
<latexit sha1_base64="mVL/weOY87l4txwEk/2z9bXq4ZI="></latexit>

is surjective
�, ⇠

<latexit sha1_base64="To6QMe0WOlnbDYjvQCDS/VZL/aQ="></latexit>

are unconstrained, but



Deep Probabilistic Regression of Rotations
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from two pairs of stereo images (collectively referred to
as Iti,ti+�p

) captured at ti and ti+�p
4. Given a dataset,

{T⇤
i , Iti,ti+�p

}
N
i=1, we now turn to the problem of selecting

an appropriate loss function for learning SE(3) corrections.

A. Loss Function: Correcting SE(3) Estimates

One possible approach to learning T⇤ is to break it into
constituent parts and then compose a loss function as the
weighted sum of translational and rotational error norms (as
done in [7]–[9]). This however does not account for the
possible correlation between the two losses, and requires the
careful tuning of a scalar weight.

In this work, we instead choose to parametrize our correc-
tion prediction as T = exp

�
⇠^�

, where ⇠ 2 R6, a vector of
Lie algebra coordinates, is the output of our network (similar
to [19]). We define a loss for ⇠ as

L(⇠) =
1

2
g(⇠)

T ⌃�1g(⇠), (2)

where
g(⇠) , ln

⇣
exp

�
⇠^�

T⇤�1
⌘_

. (3)

Here, ⌃ is the covariance of our estimator (expressed using
unconstrained Lie algebra coordinates), and (·)

^, (·)
_ convert

vectors of Lie algebra coordinates to matrix vectorspace quan-
tities and back, respectively. Given two stereo image pairs,
we use the output of DPC-Net, ⇠, to correct our estimator as
follows:

T̂
corr

= exp
�
⇠^�

T̂, (4)

where we have dropped subscripts for clarity.

B. Loss Function: SE(3) Covariance

Since we are learning estimator corrections, we can com-
pute an empirical covariance over the training set as

⌃ =
1

N � 1

NX

i=1

⇣
⇠⇤

i � ⇠⇤
⌘ ⇣

⇠⇤
i � ⇠⇤

⌘T
, (5)

where

⇠⇤
i , ln (T⇤

i )
_ , ⇠⇤ , 1

N

NX

i=1

⇠⇤
i . (6)

The term ⌃ balances the rotational and translation loss
terms based on their magnitudes in the training set, and
accounts for potential correlations. We stress that if we were
learning poses directly, the pose targets and their associated
mean would be trajectory dependent and would render this
type of covariance estimation meaningless. Further, we find
that, in our experiments, ⌃ weights translational and rotational
errors similarly to that presented in [7] based on the diagonal
components, but contains relatively large off-diagonal terms.

4Note that the visual estimator does not necessarily compute T̂i,i+�p

directly. T̂i,i+�p may be compounded from several estimates.

C. Loss Function: SE(3) Jacobians

In order to use Equation (2) to train DPC-Net with back-
propagation, we need to compute its Jacobian with respect to
our network output, ⇠. Applying the chain rule, we begin with
the expression

@L(⇠)

@⇠
= g(⇠)

T ⌃�1 @g(⇠)

@⇠
. (7)

The term @g(⇠)
@⇠ is of importance. We can derive it in two ways.

To start, note two important identities [23]. First,

exp
�
(⇠ + �⇠)

^�
⇡ exp

�
(J �⇠)

^�
exp

�
⇠^�

, (8)

where J , J (⇠) is the left SE(3) Jacobian. Second, if T1 ,
exp

�
⇠1

^�
and T2 , exp

�
⇠2

^�
, then

ln (T1T2)
_

= ln
�
exp

�
⇠1

^�
exp

�
⇠2

^��_

⇡

⇢
J (⇠2)

�1⇠1 + ⇠2 if ⇠1 small
⇠1 + J (�⇠1)

�1⇠2 if ⇠2 small.

�
(9)

See [23] for a detailed treatment of matrix Lie groups and
their use in state estimation.

1) Deriving
@g(⇠)

@⇠ , Method I: If we assume that only ⇠ is
‘small’, we can apply Equation (9) directly to define

@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (10)

with ⇠⇤ , ln (T⇤
)
_. Although attractively compact, note that

this expression for @g(⇠)
@⇠ assumes that ⇠ is small, and may be

inaccurate for ‘larger’ T⇤ (since we will therefore require ⇠
to be commensurately ‘large’).

2) Deriving
@g(⇠)

@⇠ , Method II: Alternatively, we can lin-
earize Equation (3) about ⇠, by considering a small change
�⇠ and applying Equation (8):

g(⇠ + �⇠) = ln
⇣

exp
�
(⇠ + �⇠)

^�
T⇤�1

⌘_
(11)

⇡ ln
⇣

exp
�
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^�
exp

�
⇠^�

T⇤�1
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. (12)

Now, assuming that J �⇠ is ‘small’, and using Equation (3),
Equation (9) gives:

g(⇠ + �⇠) ⇡ J (g(⇠))
�1J (⇠)�⇠ + g(⇠). (13)

Comparing this to the first order Taylor expansion:
g(⇠ + �⇠) ⇡ g(⇠) +

@g(⇠)
@⇠ �⇠, we see that

@g(⇠)

@⇠
= J (g(⇠))

�1J (⇠). (14)

Although slightly more computationally expensive, this ex-
pression makes no assumptions about the ‘magnitude‘ of our
correction and works reliably for any target. Note further that
if ⇠ is small, then J (⇠) ⇡ 1 and exp

�
⇠^�

⇡ 1. Thus,

g(⇠) ⇡ ln
⇣
T⇤�1

⌘_
= �⇠⇤, (15)

and Equation (14) becomes
@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (16)

which matches Method I. To summarize, to apply back-
propagation to Equation (2), we use Equation (7) and Equa-
tion (14).

⇠ 2 R6

where T⇤ 2 SE(3)
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from two pairs of stereo images (collectively referred to
as Iti,ti+�p

) captured at ti and ti+�p
4. Given a dataset,

{T⇤
i , Iti,ti+�p

}
N
i=1, we now turn to the problem of selecting

an appropriate loss function for learning SE(3) corrections.

A. Loss Function: Correcting SE(3) Estimates

One possible approach to learning T⇤ is to break it into
constituent parts and then compose a loss function as the
weighted sum of translational and rotational error norms (as
done in [7]–[9]). This however does not account for the
possible correlation between the two losses, and requires the
careful tuning of a scalar weight.

In this work, we instead choose to parametrize our correc-
tion prediction as T = exp
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, where ⇠ 2 R6, a vector of
Lie algebra coordinates, is the output of our network (similar
to [19]). We define a loss for ⇠ as
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Here, ⌃ is the covariance of our estimator (expressed using
unconstrained Lie algebra coordinates), and (·)
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_ convert

vectors of Lie algebra coordinates to matrix vectorspace quan-
tities and back, respectively. Given two stereo image pairs,
we use the output of DPC-Net, ⇠, to correct our estimator as
follows:

T̂
corr

= exp
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where we have dropped subscripts for clarity.

B. Loss Function: SE(3) Covariance

Since we are learning estimator corrections, we can com-
pute an empirical covariance over the training set as
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The term ⌃ balances the rotational and translation loss
terms based on their magnitudes in the training set, and
accounts for potential correlations. We stress that if we were
learning poses directly, the pose targets and their associated
mean would be trajectory dependent and would render this
type of covariance estimation meaningless. Further, we find
that, in our experiments, ⌃ weights translational and rotational
errors similarly to that presented in [7] based on the diagonal
components, but contains relatively large off-diagonal terms.

4Note that the visual estimator does not necessarily compute T̂i,i+�p

directly. T̂i,i+�p may be compounded from several estimates.

C. Loss Function: SE(3) Jacobians

In order to use Equation (2) to train DPC-Net with back-
propagation, we need to compute its Jacobian with respect to
our network output, ⇠. Applying the chain rule, we begin with
the expression
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inaccurate for ‘larger’ T⇤ (since we will therefore require ⇠
to be commensurately ‘large’).

2) Deriving
@g(⇠)

@⇠ , Method II: Alternatively, we can lin-
earize Equation (3) about ⇠, by considering a small change
�⇠ and applying Equation (8):

g(⇠ + �⇠) = ln
⇣

exp
�
(⇠ + �⇠)

^�
T⇤�1

⌘_
(11)

⇡ ln
⇣

exp
�
(J �⇠)

^�
exp

�
⇠^�

T⇤�1
⌘_

. (12)

Now, assuming that J �⇠ is ‘small’, and using Equation (3),
Equation (9) gives:

g(⇠ + �⇠) ⇡ J (g(⇠))
�1J (⇠)�⇠ + g(⇠). (13)

Comparing this to the first order Taylor expansion:
g(⇠ + �⇠) ⇡ g(⇠) +

@g(⇠)
@⇠ �⇠, we see that

@g(⇠)

@⇠
= J (g(⇠))

�1J (⇠). (14)

Although slightly more computationally expensive, this ex-
pression makes no assumptions about the ‘magnitude‘ of our
correction and works reliably for any target. Note further that
if ⇠ is small, then J (⇠) ⇡ 1 and exp

�
⇠^�

⇡ 1. Thus,

g(⇠) ⇡ ln
⇣
T⇤�1

⌘_
= �⇠⇤, (15)

and Equation (14) becomes
@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (16)

which matches Method I. To summarize, to apply back-
propagation to Equation (2), we use Equation (7) and Equa-
tion (14).

training targets
⇠⇤i , log (T⇤

i )
_
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from two pairs of stereo images (collectively referred to
as Iti,ti+�p

) captured at ti and ti+�p
4. Given a dataset,

{T⇤
i , Iti,ti+�p

}
N
i=1, we now turn to the problem of selecting

an appropriate loss function for learning SE(3) corrections.

A. Loss Function: Correcting SE(3) Estimates

One possible approach to learning T⇤ is to break it into
constituent parts and then compose a loss function as the
weighted sum of translational and rotational error norms (as
done in [7]–[9]). This however does not account for the
possible correlation between the two losses, and requires the
careful tuning of a scalar weight.

In this work, we instead choose to parametrize our correc-
tion prediction as T = exp

�
⇠^�

, where ⇠ 2 R6, a vector of
Lie algebra coordinates, is the output of our network (similar
to [19]). We define a loss for ⇠ as

L(⇠) =
1

2
g(⇠)

T ⌃�1g(⇠), (2)

where
g(⇠) , ln

⇣
exp

�
⇠^�

T⇤�1
⌘_

. (3)

Here, ⌃ is the covariance of our estimator (expressed using
unconstrained Lie algebra coordinates), and (·)

^, (·)
_ convert

vectors of Lie algebra coordinates to matrix vectorspace quan-
tities and back, respectively. Given two stereo image pairs,
we use the output of DPC-Net, ⇠, to correct our estimator as
follows:

T̂
corr

= exp
�
⇠^�

T̂, (4)

where we have dropped subscripts for clarity.

B. Loss Function: SE(3) Covariance

Since we are learning estimator corrections, we can com-
pute an empirical covariance over the training set as

⌃ =
1

N � 1

NX

i=1

⇣
⇠⇤

i � ⇠⇤
⌘ ⇣

⇠⇤
i � ⇠⇤

⌘T
, (5)

where

⇠⇤
i , ln (T⇤

i )
_ , ⇠⇤ , 1

N

NX

i=1

⇠⇤
i . (6)

The term ⌃ balances the rotational and translation loss
terms based on their magnitudes in the training set, and
accounts for potential correlations. We stress that if we were
learning poses directly, the pose targets and their associated
mean would be trajectory dependent and would render this
type of covariance estimation meaningless. Further, we find
that, in our experiments, ⌃ weights translational and rotational
errors similarly to that presented in [7] based on the diagonal
components, but contains relatively large off-diagonal terms.

4Note that the visual estimator does not necessarily compute T̂i,i+�p

directly. T̂i,i+�p may be compounded from several estimates.

C. Loss Function: SE(3) Jacobians

In order to use Equation (2) to train DPC-Net with back-
propagation, we need to compute its Jacobian with respect to
our network output, ⇠. Applying the chain rule, we begin with
the expression

@L(⇠)

@⇠
= g(⇠)

T ⌃�1 @g(⇠)

@⇠
. (7)

The term @g(⇠)
@⇠ is of importance. We can derive it in two ways.

To start, note two important identities [23]. First,

exp
�
(⇠ + �⇠)

^�
⇡ exp

�
(J �⇠)

^�
exp

�
⇠^�

, (8)

where J , J (⇠) is the left SE(3) Jacobian. Second, if T1 ,
exp

�
⇠1

^�
and T2 , exp

�
⇠2

^�
, then

ln (T1T2)
_

= ln
�
exp

�
⇠1

^�
exp

�
⇠2

^��_

⇡

⇢
J (⇠2)

�1⇠1 + ⇠2 if ⇠1 small
⇠1 + J (�⇠1)

�1⇠2 if ⇠2 small.

�
(9)

See [23] for a detailed treatment of matrix Lie groups and
their use in state estimation.

1) Deriving
@g(⇠)

@⇠ , Method I: If we assume that only ⇠ is
‘small’, we can apply Equation (9) directly to define

@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (10)

with ⇠⇤ , ln (T⇤
)
_. Although attractively compact, note that

this expression for @g(⇠)
@⇠ assumes that ⇠ is small, and may be

inaccurate for ‘larger’ T⇤ (since we will therefore require ⇠
to be commensurately ‘large’).

2) Deriving
@g(⇠)

@⇠ , Method II: Alternatively, we can lin-
earize Equation (3) about ⇠, by considering a small change
�⇠ and applying Equation (8):

g(⇠ + �⇠) = ln
⇣

exp
�
(⇠ + �⇠)

^�
T⇤�1

⌘_
(11)

⇡ ln
⇣

exp
�
(J �⇠)

^�
exp

�
⇠^�

T⇤�1
⌘_

. (12)

Now, assuming that J �⇠ is ‘small’, and using Equation (3),
Equation (9) gives:

g(⇠ + �⇠) ⇡ J (g(⇠))
�1J (⇠)�⇠ + g(⇠). (13)

Comparing this to the first order Taylor expansion:
g(⇠ + �⇠) ⇡ g(⇠) +

@g(⇠)
@⇠ �⇠, we see that

@g(⇠)

@⇠
= J (g(⇠))

�1J (⇠). (14)

Although slightly more computationally expensive, this ex-
pression makes no assumptions about the ‘magnitude‘ of our
correction and works reliably for any target. Note further that
if ⇠ is small, then J (⇠) ⇡ 1 and exp

�
⇠^�

⇡ 1. Thus,

g(⇠) ⇡ ln
⇣
T⇤�1

⌘_
= �⇠⇤, (15)

and Equation (14) becomes
@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (16)

which matches Method I. To summarize, to apply back-
propagation to Equation (2), we use Equation (7) and Equa-
tion (14).
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from two pairs of stereo images (collectively referred to
as Iti,ti+�p

) captured at ti and ti+�p
4. Given a dataset,

{T⇤
i , Iti,ti+�p

}
N
i=1, we now turn to the problem of selecting

an appropriate loss function for learning SE(3) corrections.

A. Loss Function: Correcting SE(3) Estimates

One possible approach to learning T⇤ is to break it into
constituent parts and then compose a loss function as the
weighted sum of translational and rotational error norms (as
done in [7]–[9]). This however does not account for the
possible correlation between the two losses, and requires the
careful tuning of a scalar weight.

In this work, we instead choose to parametrize our correc-
tion prediction as T = exp

�
⇠^�

, where ⇠ 2 R6, a vector of
Lie algebra coordinates, is the output of our network (similar
to [19]). We define a loss for ⇠ as

L(⇠) =
1

2
g(⇠)

T ⌃�1g(⇠), (2)

where
g(⇠) , ln

⇣
exp

�
⇠^�

T⇤�1
⌘_

. (3)

Here, ⌃ is the covariance of our estimator (expressed using
unconstrained Lie algebra coordinates), and (·)

^, (·)
_ convert

vectors of Lie algebra coordinates to matrix vectorspace quan-
tities and back, respectively. Given two stereo image pairs,
we use the output of DPC-Net, ⇠, to correct our estimator as
follows:

T̂
corr

= exp
�
⇠^�

T̂, (4)

where we have dropped subscripts for clarity.

B. Loss Function: SE(3) Covariance

Since we are learning estimator corrections, we can com-
pute an empirical covariance over the training set as

⌃ =
1

N � 1

NX

i=1

⇣
⇠⇤

i � ⇠⇤
⌘ ⇣

⇠⇤
i � ⇠⇤

⌘T
, (5)

where

⇠⇤
i , ln (T⇤

i )
_ , ⇠⇤ , 1

N

NX

i=1

⇠⇤
i . (6)

The term ⌃ balances the rotational and translation loss
terms based on their magnitudes in the training set, and
accounts for potential correlations. We stress that if we were
learning poses directly, the pose targets and their associated
mean would be trajectory dependent and would render this
type of covariance estimation meaningless. Further, we find
that, in our experiments, ⌃ weights translational and rotational
errors similarly to that presented in [7] based on the diagonal
components, but contains relatively large off-diagonal terms.

4Note that the visual estimator does not necessarily compute T̂i,i+�p

directly. T̂i,i+�p may be compounded from several estimates.

C. Loss Function: SE(3) Jacobians

In order to use Equation (2) to train DPC-Net with back-
propagation, we need to compute its Jacobian with respect to
our network output, ⇠. Applying the chain rule, we begin with
the expression

@L(⇠)

@⇠
= g(⇠)

T ⌃�1 @g(⇠)

@⇠
. (7)

The term @g(⇠)
@⇠ is of importance. We can derive it in two ways.

To start, note two important identities [23]. First,

exp
�
(⇠ + �⇠)

^�
⇡ exp

�
(J �⇠)

^�
exp

�
⇠^�

, (8)

where J , J (⇠) is the left SE(3) Jacobian. Second, if T1 ,
exp

�
⇠1

^�
and T2 , exp

�
⇠2

^�
, then

ln (T1T2)
_

= ln
�
exp

�
⇠1

^�
exp

�
⇠2

^��_

⇡

⇢
J (⇠2)

�1⇠1 + ⇠2 if ⇠1 small
⇠1 + J (�⇠1)

�1⇠2 if ⇠2 small.

�
(9)

See [23] for a detailed treatment of matrix Lie groups and
their use in state estimation.

1) Deriving
@g(⇠)

@⇠ , Method I: If we assume that only ⇠ is
‘small’, we can apply Equation (9) directly to define

@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (10)

with ⇠⇤ , ln (T⇤
)
_. Although attractively compact, note that

this expression for @g(⇠)
@⇠ assumes that ⇠ is small, and may be

inaccurate for ‘larger’ T⇤ (since we will therefore require ⇠
to be commensurately ‘large’).

2) Deriving
@g(⇠)

@⇠ , Method II: Alternatively, we can lin-
earize Equation (3) about ⇠, by considering a small change
�⇠ and applying Equation (8):

g(⇠ + �⇠) = ln
⇣

exp
�
(⇠ + �⇠)

^�
T⇤�1

⌘_
(11)

⇡ ln
⇣

exp
�
(J �⇠)

^�
exp

�
⇠^�

T⇤�1
⌘_

. (12)

Now, assuming that J �⇠ is ‘small’, and using Equation (3),
Equation (9) gives:

g(⇠ + �⇠) ⇡ J (g(⇠))
�1J (⇠)�⇠ + g(⇠). (13)

Comparing this to the first order Taylor expansion:
g(⇠ + �⇠) ⇡ g(⇠) +

@g(⇠)
@⇠ �⇠, we see that

@g(⇠)

@⇠
= J (g(⇠))

�1J (⇠). (14)

Although slightly more computationally expensive, this ex-
pression makes no assumptions about the ‘magnitude‘ of our
correction and works reliably for any target. Note further that
if ⇠ is small, then J (⇠) ⇡ 1 and exp

�
⇠^�

⇡ 1. Thus,

g(⇠) ⇡ ln
⇣
T⇤�1

⌘_
= �⇠⇤, (15)

and Equation (14) becomes
@g(⇠)

@⇠
= J (�⇠⇤

)
�1, (16)

which matches Method I. To summarize, to apply back-
propagation to Equation (2), we use Equation (7) and Equa-
tion (14).

left SE(3) Jacobian
J (·)
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where

We derive an analytic gradient based on middle perturbations:

We use a Mahalanobis-like norm loss,

Kendall et al., PoseNet, ICRA (2016)

compare to..

L = kx̂� xk+ �

����q̂� q

kqk

����
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Gal, “Uncertainty in Deep Learning” Ph.D. 

Thesis (2016)

‣ Gal shows that the dropout training loss 
is equivalent to minimizing the KL 
divergence between the posterior and 
this variational distribution

DKL ( p(w|X,S) || q(w) )

‣ To make connection between dropout and Bayesian NNs, Gal turns 
to variational inference to approximate posterior over weights:

(training images) (training targets)

q(w) ⇠ p(w|X,S) q(wi) = Mi diag
n
{bij}

Ki
j=1

o
,

bij 2 Bernoulli(pi)

(matrix with Ki  weights for layer i)

(dropout probability)

Monte Carlo Dropout  
(Variational Inference)

Osband, “Risk versus uncertainty in deep learning: Bayes, bootstrap and the dangers of dropout,” NeurIPS (2017) 

‣ However, for linear networks, one 
can show that this posterior does not 
concentrate with more data, and 
requires careful tuning of hyper-
parameters

y, var({yi}) + ⌧�1
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Ground truth 
6-DoF GPS-INS and a solar 
ephemeris model (based on 
GPS timestamp)

Estimated

ŝk

Ground truth

sk

KITTI Vision Benchmark
Cosine distance loss

L(ŝk, sk) = 1� ŝk · sk
<latexit sha1_base64="n57+VwaLfYyszUHLgzamXlkdbkA="></latexit>

Devon Island Rover Navigation

Ground truth  
Sinclair 
Interplanetary 
digital sun 
sensor

z

KITTI & Devon Island
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Angular  
(Geodesic)

Karcher mean 
(requires iteration)

Chordal
Euclidian mean in R9  

projected onto SO(3)  
(requires SVD)

Quaternion
Arithmetic mean  

projected onto unit sphere  
(simple analytic expression)

dang(Ra,Rb) =
���Log

⇣
RaR

T
b

⌘���
2

= ✓
<latexit sha1_base64="HVjK8dhZYCB4aq15Z+oSyknc2v0="></latexit>

dchord(Ra,Rb) = kRa �RbkFrob

= 2
p
2 sin

✓
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dquat(qa,qb) = min (kqa � qbk2 , kqa + qbk2)

= 2 sin
✓
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R = argmin
R2SO(3)

nX

i=1

d(Ri,R)2
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Metric Resulting Mean

Hartley et al., “Rotation Averaging”, IJCV (2013)



‣ Correcting rotation 
only can be nearly as 
good as correcting full 
pose corrections 

‣ Metric translation 
information is 
difficult to 
generalize 

DPC-Net | Rotation Corrections Only?
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Sun-BCNN ‘activations’
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Sky Well lit regions Shadows



Double Counting
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Classical odometry

Sensor data

…

HydraNet
q1
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‣ In order to mitigate correlations, we 
are investigating to Covariance 
Intersection



HydraNet Predictions
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Visual sun sensing: Devon Island
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Sensitivity analysis
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We tested the effect of cloud cover using the Oxford Robotcar Dataset

Sun-BCNN works in cloudy conditions, especially when trained in sunny conditions

Maddern et al., 1 year, 1000 km: The Oxford RobotCar dataset, IJRR (2016)



• We reduce the m-ATE (mean Absolute Trajectory Error) of our estimator by up to 75%
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DPC-Net | Improving stereo VO
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